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Abstract
The surface stress can have important effects on the elastic properties
of nano-sized structures. Here we analyze the effect of surface stress
on Mode-3 crack displacement and stress-field solutions under the as-
sumption of linear elasticity. We show that surface effects generate
non-K terms near the crack-tip. We also find the effect of such terms
on the conventional small-scale yielding assumption.
1 Introduction
The distinction between the energy involved in creating a new surface, as
compared to stretching an already existing one, has been reemphasized many
times over the years [1, 2, 3, 4] . While the former can fairly be taken as
a constant per unit area, the latter may have complicated dependence on
surface strain. Here we try to find the effect of the latter (‘surface elasticity’)
on crack field solutions when this dependence is quadratic akin to its bulk
counterpart.
Physically, this effect will be important when the solid dimensions are
of the order of κ/µ where κ and µ are surface and bulk elasticity moduli re-
spectively. For real materials this ratio is of the order of nanometers. Since
the dimensions of cracks in many materials such as glass range from few
angstroms to micrometers, and crack elastic field solutions depend largely
on surface tractions, it seems worthwhile to analyze the effect of surface
elasticity on crack field solutions. At the outset, the use of continuum elas-
ticity at such dimensions may be questioned. Some years ago Shenoy et
1
R 
θ = pi 
θ = −pi 
traction due to
surface elasticity 
Ω 
τ
rz
 = τ
a
 F(θ) 
Figure 1: The specimen
al compared the continuum elasticity results with atomistic simulations [9]
and were able to show that bending and torsional behavior of a solid at such
dimensions can be accounted for by taking surface elasticity into account.
Here in similar spirit we try to formulate the problem of a mode-3 crack for
a material having elastic surfaces.
2 Elastic solution for a Mode-3 Crack with Surface
Elasticity
In this section we solve for the elastic field of a mode-3 crack for a solid
having an elastic surface. We follow a perturbative approach with the field
in the absence of surface elasticity as the unperturbed solution. The domain
Ω consists of 0 < r < R,−π < θ < π (see Fig 1). Let the loading at the
external boundary r = R be of the form τrz(R, θ) = τaF (θ).
In the absence of surface tension and surface elasticity effects, the only
non-zero displacement wo(r, θ) in the z-direction satisfies
∇2wo(r, θ) = 0 (0 < r < R) (1)
2
1r
∂wo
∂θ
= 0 (r, θ = π, −π) (2)
µ
∂wo
∂r
= τaF (θ) (r = R) (3)
Supplementing the above equations with the condition of finite displace-
ment at r = 0, the anti-symmetric solution (i.e. the one which contributes
to crack-opening) to above set of eqns. can be easily found as
wo(r, θ) =
∞∑
n=0
won (4)
won = Anr
n+1/2sin((n+ 1/2)θ) (5)
An =
τaFn
µ(n+ 1/2)Rn−1/2
(6)
where Fn =
1
pi
∫ pi
−pi F (θ)sin((n+ 1/2)θ) dθ.
A general formulation of elastic surfaces was given by Gurtin and Mur-
doch [8]. Following [8], in the presence of surface elasticity/tension effects,
the equation of equilibrium in the bulk remain unchanged (i.e. same as
Eq. (1)) while the boundary conditions at a free surface are changed from
σijnj = 0 to:
Siα,α = σijnj
Sαβ = σoδα,β + (λ+ σo)uγ,γδα,β + (µo − σo)(uα,β + uβ,α) + σouα,β
Here Sαβ denote surface stress tensor while λ, µo and σo are surface
elastic moduli. If the normal to the surface lies along direction 2, then Latin
subscripts i, j, k range over 1,2,3 while Greek subscripts α, β range over only
the directions lying along the surface viz. 1 and 3. The derivatives such
as Siα,α or uα,β employed in the above eqns. are surface derivatives i.e.
projection of usual derivatives along the surface. Note that S is linear in
surface strain Es where Esαβ =
1
2(uα,β + uβ,α).
We switch to cartesian coordinates for a while for sake of mathematical
convenience. Along the crack faces (θ = π,−π), the negative x axis coincides
with θ = π(−π) for y = 0+(0−).
Substituting uα = w(x, y)δα3 in above equations
Es =
1
2
∂w
∂x
(e1 ⊗ e3 + e3 ⊗ e1) (7)
S = σoe1 ⊗ e1 + (µo − σo)
∂w
∂x
(e1 ⊗ e3 + e3 ⊗ e1) + σo
∂w
∂x
e1 ⊗ e3 (8)
3
Taking surface divergence of S one obtains
σ32n2 = (σoδ(x) + κ
∂2w
∂x2
) (9)
where κ = µo−σo. The first term arises because the constant part of surface
stress in Eq. (8) drops abruptly to zero at the crack tip. Its effect on stress
fields was solved for many years ago by Thomson et al [6] who showed that
such terms lead to 1/r singularity in stresses at the crack-tip. As we are
concerned with the effect of surface elasticity and not surface tension in this
work and since the overall field can be found as superposition of the fields
due to both terms individually, we drop the first term in above eqn. Keeping
this in mind, the above eqn. in r − θ coordinates may be written as
1
r
∂w
∂θ
= −
κ
µ
∂2w
∂r2
θ = π (10)
1
r
∂w
∂θ
=
κ
µ
∂2w
∂r2
θ = −π (11)
Eqn. (1) in conjunction with (10) and (11) completes the specification
of boundary value problem for our problem. We were unable to find a
straightforward method to solve this set of equations. We will solve for w as
a series expansion in terms of the parameter κµR . We make the assumption
κ
µR ≪ 1.
Next write w(r, θ) as
w(r, θ) =
∞∑
n=0
wn (12)
wn = won + (κ/µ)g1n + (κ/µ)
2g2n + ...+ (κ/µ)
kgkn + ... (13)
where won is given by (5). Throughout our analysis we assume that
κ
µR ≪ 1.
Since wn’s are independent, each must satisfy the equation ∇
2wn = 0 in the
bulk and the boundary conditions (10), (11) individually. Thus one gets
the following set of equations
∇2gkn(r, θ) = 0 (0 < r < R)
for all k, and
1
r
∂won
∂θ
= 0
4
1r
∂g1n
∂θ
= ∓
∂2won
∂r2
(14)
1
r
∂g2n
∂θ
= ∓
∂2g1n
∂r2
{θ = π,−π} (15)
...
1
r
∂gk
∂θ
= ∓
∂2gk−1n
∂r2
where upper sign stands for θ = π and lower for θ = −π. Substituting
for won from (5) in (14) and solving for g1n
g1n = (n+ 1/2)Anr
n−1/2cos((n− 1/2)θ) + αnr
n−1/2sin((n− 1/2)θ)
where αn is an arbitrary coefficient. Since the loading due to surface elas-
ticity is symmetric (note the sign change in boundary condition at θ = π
and −π) , all the terms containing κ should be symmetric in θ. Therefore
αn = 0. Thus the terms containing κ do not contribute to the crack opening
displacement but the stress field is necessarily altered due to surface elastic-
ity.
Substituting the expression for g1n in (15)
1
r
∂g2n
∂θ
= 0
Again by the same argument g2n is seen to be identically equal to zero. It
immediately follows that g2n = g3n = ... = 0. Thus the perturbative solution
is
wn = Anr
n+1/2sin((n+ 1/2)θ) + (κ/µ)(n + 1/2)Anr
n−1/2cos((n − 1/2)θ) (16)
3 Small Scale Yielding and Surface Elasticity
From equations (12), (16) one observes that the displacement diverges if we
include the term n = 0. As and Ruina [7] have shown through their anal-
ysis that one needs to be careful while discarding non-K singular(and non-
singular) terms for crack problems. In fact, such terms are always present
if one take a more realistic situation where there is a nonlinear zone Ω′ sur-
rounding the crack as shown in figure 2. Here we do an analysis similar
to [7] to determine the condition for small-scale yielding in the presence of
surface effects.
Assume that the nonelastic zone is centered at the origin x, y = 0 and has
dimensions smaller than the crack length R. We now consider a completely
5
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Figure 2: The specimen
elastic problem in the domain ρ < r < R, ρ being the outermost radius of
Ω′. The traction at the inner radius r = ρ is taken as
τrz(ρ, θ) = τ0Hθ
together with the loading τaF (θ) at r = R. The antisymmetric solution to
the elastic problem in the absence of surface effects can now be found as
wo(r, θ) =
∞∑
n=0
won
won = {Cnr
n+1/2 +Dnr
−(n+1/2)}sin((n + 1/2)θ)
where Fn =
1
pi
∫ pi
−pi F (θ)sin((n+ 1/2)θ) dθ and ǫ = ρ/R.
Following the notation of [7], the above field can be expressed as a sum
of two terms: wAI and wAO where AI stands for Antisymmetric, Inner
traction free and AO for Antisymmetric, Outer traction free. For sake of
completeness we write the expressions for these fields:
wo(r, θ) =
∞∑
n=0
{wAIn + w
AO
n }
6
wAIn =
τa
µ
b1n
(n+ 1/2)
[
rn+1/2
Rn−1/2
+
ρ2n+1
Rn−1/2rn+1/2
]sin((n+ 1/2)θ)
wAOn =
τ0
µ
b2n
(n+ 1/2)
[ǫn+3/2
rn+1/2
Rn−1/2
+ ǫn+3/2
Rn+3/2
rn+1/2
]sin((n+ 1/2)θ)
with ǫ = ρ/R,
and
b1n = Fn/[1− ǫ
2n+1] with Fn =
1
pi
∫ pi
−pi F (θ)sin((n+ 1/2)θ) dθ,
and
b2n = −Hn/[1− ǫ
2n+1] with Hn =
1
pi
∫ pi
−piH(θ)sin((n+ 1/2)θ) dθ,
In the presence of surface effects the boundary conditions (2), (3) remain
unchanged except that now our domain is ρ < r < R, θ = π,−π. Following
exactly the same strategy as before, we obtain the following perturbative
solution:
w(r, θ) =
∞∑
n=0
wn
wn = w
AI
n + w
AO
n +
τa
µ
(κ/µ)b1n[
rn−1/2
Rn−1/2
cos((n − 1/2)θ) +
ρ2n+1
Rn−1/2rn+3/2
]×
cos((n + 3/2)θ) +
τo
µ
(κ/µ)b2n[ǫ
n+3/2 r
n−1/2
Rn−1/2
cos((n− 1/2)θ) +
ǫn+3/2
Rn+3/2
rn+3/2
]cos((n + 3/2)θ)
From this, the stress fields are readily obtained,
τrz = µ
∂w
∂r
=
∞∑
n=0
[{τab
1
n[
rn−1/2
Rn−1/2
−
ρ2n+1
Rn−1/2rn+3/2
]sin((n+ 1/2)θ)} + {τa(κ/µ)b
1
n ×
[(n − 1/2)
rn−3/2
Rn−1/2
cos((n− 1/2)θ) − (n+ 3/2)
ρ2n+1
Rn−1/2rn+3/2
]cos((n + 3/2)θ)}
+ {τob
2
n[ǫ
n+3/2 r
n−1/2
Rn−1/2
− ǫn+3/2
Rn+3/2
rn+3/2
]sin((n+ 1/2)θ)} + {τo(κ/µ)b
2
n ×
[(n − 1/2)ǫn+3/2
rn−3/2
Rn−1/2
cos((n − 1/2)θ)− (n+ 3/2)ǫn+3/2
Rn+3/2
rn+5/2
]cos((n + 3/2)θ)}]
7
and
τθz = µ
1
r
∂w
∂θ
=
∞∑
n=0
[{τab
1
n[
rn−1/2
Rn−1/2
+
ρ2n+1
Rn−1/2rn+3/2
]cos((n + 1/2)θ)} − {τa(κ/µ)b
1
n ×
[(n − 1/2)
rn−3/2
Rn−1/2
sin((n− 1/2)θ) + (n+ 3/2)
ρ2n+1
Rn−1/2rn+3/2
]sin((n + 3/2)θ)}
+ {τob
2
n[ǫ
n+3/2 r
n−1/2
Rn−1/2
+ ǫn+3/2
Rn+3/2
rn+3/2
]cos((n + 1/2)θ)} − {τo(κ/µ)b
2
n ×
[(n − 1/2)ǫn+3/2
rn−3/2
Rn−1/2
sin((n− 1/2)θ) + (n+ 3/2)ǫn+3/2
Rn+3/2
rn+5/2
]sin((n + 3/2)θ)}]
From above equation the condition for K ( 1√
r
term) field dominance can
be determined. Comparing the total stress field due to K field to that of
next singular 1
r
√
r
term one obtains the following expression for the region
in which K field dominates:
r >
[(τa/τo)(ρ+ ao) + ǫ
3/2(R + ao)]
[(τa/τo)(1 + ao/R) + ǫ3/2(1 + aoǫ/R)]
(17)
where ao = κ/µ
It immediately follows from above eqn. that when τo = 0, the K-dominance
region diminishes in its radius by ao while for the case when τa = 0 the
1
r
√
r
term always dominates the K term as it does in the absence of surface
elasticity.
4 Discussion
To put our analysis in perspective, many articles pertaining to effect of
surface stress on crack field solutions have appeared in the past [5, 6, 10].
The main difference with our work is that we have considered surface stress S
as having linear (and thus surface energy quadratic) dependence on surface
strain Es instead of being independent of it. As mentioned earlier that a
constant surface stress leads to r−1 singularity for a Mode-3 crack [6]. We
have shown that the linear term causes a r−3/2 singularity at the crack-tip
8
for ǫ = 0. Physically speaking, non-K singular terms due to surface elasticity
should be dominant only in the region of extent ao = κ/µ. Indeed we see
from Eq. (17) that surface elasticity decreases the extent of K-dominant
region by ao.
Though we are not aware of any direct experimental evidence which fa-
vors a quadratic dependence of Us on E
s over a linear one, Miller et al [9]
showed that a quadratic dependence was consistent with atomistic simu-
lations for simple problems of elongation, bending and torsion. Note that
the variable S, which is responsible for size-dependent elastic properties in
[9], has same significance as κ in this article under Gurtin-Murdoch’s for-
malism [8]. Finally, the Green’s function obtained by Thomson et al [6] for
symmetric dipole acting along a Mode-3 crack’s surface may also be used
for obtaining the results in this article but since in our problem the loading
itself is dependent on the displacement field, we found it more expedient
to directly solve the equations of elasticity instead of a solving a singular
integro-differential equation.
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